Abstract-The two-dimensional (2D) scattering of the E and Hpolarized plane electromagnetic waves by a free-standing thinner than the wavelength dielectric strip is considered numerically. Two methods are compared: singular integral equations (SIE) on the strip median line obtained from the generalized boundary conditions for a thin dielectric layer and Muller boundary integral equations (BIE) for arbitrarily thick strip. The comparison shows the domain of acceptable accuracy of approximate model derived for thin dielectric strips.
of the scatterer to its median line or plane, introduction of effective electric and magnetic currents, and use of the generalized boundary condition (GBC), which somehow takes account of the actual thickness of scatterer.
Both natural and man-made flat thin dielectric scatterers are frequently met in the electromagnetic-wave technologies and applications across wide spectrum of frequencies from microwaves to optics. Among them there are tree leaves, screens and panels, dielectric-patch antennas, and high-Q whispering-gallery-mode resonators, to name only a few. In fact, such objects are quite common building-blocks in various electromagnetic systems because they possess distinctive resonant properties and are relatively easy manufactured with today's printing and lithography techniques. One of the simplest scatterers of this type is a flat dielectric strip (Fig. 1 ).
The GBC was first published in [1] and then considered in many other papers -see [2] [3] [4] [5] [6] [7] [8] . It has been applied to study the scattering by thin half-planes and strips in [9] [10] [11] [12] [13] [14] [15] [16] [17] . In the early works, it had been established that the effective electric and magnetic currents were decoupled and satisfied independent IEs. Their solutions were normally obtained using the moment method (MM) with local basis functions although in [10] a Wiener-Hopf technique was applied for a wide strip. Prediction of the electromagnetic behavior of a thin dielectric strip is more difficult task than it can appear. In part, this is because the well-known computational techniques developed for perfectly electrically conducting (PEC) strips are not applicable. The other difficulty arises from the combination of a comparable or larger than the wavelength width and a fraction-of-wavelength thickness. This makes a burden for any numerical code based on BIE. A volume integral-equation (VIE) method may seem free of the contour discretization problems and hence more attractive [1] . However a closer inspection shows that an electric-field VIE leads to a stable and convergent algorithm only in the Epolarization case because this VIE has a Hankel function in the kernel and hence is a Fredholm second-kind equation. In the H-polarization case analogous VIE is a hyper-singular equation, and therefore a denser meshing of the strip crosssection does not provide convergence.
However, one of these two IEs is a hyper-singular equation and therefore the convergence of MM solution is absent. This does not mean that this SIE cannot be solved numericallysimply it should be solved in different manner. For instance, a meshless Nystrom-type discretization that provides guaranteed convergence and small size matrices can be used.
However, since the GBC is derived for an infinite thin material slab, its applicability for shorter and thicker finite strips, near the resonances, and at the grazing (edge-on) incidence can be questioned. To establish the domain of validity of the GBC-SIE approach one should compare its numerical results with the reference ones, i.e. the data obtained with some independent method. To be trusted, such method must not assume the strip to be thin and must have mathematically guaranteed convergence when taking larger the discretization order.
The choice of the reference code is therefore conditioned by the demand of guaranteed convergence. As mentioned, the VIE method has convergence only in E-case and therefore is not a perfect candidate. The BIE techniques deal with more Hence it is not a surprise that since the 1980s the scattering by thin material scatterers has been treated using an empiric albeit well-understood approach. It is based on the shrinking economic discretizations than VIE. They can serve as a source of reference data if, besides of guaranteed convergence, they are free from the spurious real-valued eigenvalues [18] . This is true for the Muller BIE (MBIE) that is actually a pair of coupled Fredholm second-kind IEs [19] [20] [21] [22] .
Therefore we use MBIE to validate GBC-SIE. Here, the Nystrom-type meshless discretization using interpolation polynomials and quadrature formulas is known as efficient solution technique [20, 21] . We have adapted it for a piecewise smooth contour of our strip scatterer.
II. PROBLEM STATEMENT AND GBC-SIE METHOD
Assume that electromagnetic plane wave is incident at the angle E on a dielectric strip as shown in Fig H . The host medium is free space. In the presence of strip, the total field is a sum of and the scattered field, . The latter function must satisfy the boundary-value problem (BVP), which involves Helmholtz equations inside and outside the strip and the continuity of tangential components across L. For uniqueness, must also satisfy Sommerfeld radiation condition and condition of local energy finiteness.
The GBC-SIE method does not follow from original BVP in mathematically justified manner. Instead it uses certain physical assumptions for thin strips and hence is empirical. Namely, it is assumed that and strip's cross-section D can be shrunk to the median line, , the field inside the strip can be excluded from consideration, and the following GBC can be imposed on S (see [6] for details):
This pair of equations was originally derived for an infinite thin material slab illuminated by a plane wave [6] . Here, is the unit normal vector, (0,1) n G 0 Z is the free-space impedance, and the indices ± correspond to the field limit values at the top and bottom sides of the strip, respectively. Equations (1) 
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A modified version of (2) has been proposed in [8] . It takes into account the phase compensation for the reduction of the slab area to the median line of zero thickness, 2 2 * * 2 2 , 4 1 4
where
, and R and Q are the same as in (2). When GBC (1) is imposed at a finite strip, it must be supplemented with the condition of local finiteness of power and the radiation condition. The field singularities at the edges of a resistive strip have been analyzed in [23] ; they are different from the right-angle dielectric wedge.
The scattered field is sought for as a sum of single-layer and double-layer potentials,
where ( ) U r G is either ( ) z H r G or depending on the polarization, and
G G is the free-space Green's function.
From the properties of the limit values of potentials it follows that unknown functions are and ( ) / ( )[ ( ) ( )] v r n r U r U r
Using (5) in GBC (1) yields two independent IEs of the second kind with the same integration domain. After using the strip parameterization as with ( 
In the case of the E-polarized wave, the quantities R and Q exchange places. Further we discretize SIEs (6) and (7) using a Nystrom-type method, i.e. approximating the unknowns by polynomials and using two quadrature rules of interpolation type of the order N [13] . The theorems on quadratures ensure convergence of such numerical scheme with the rate of at least 1/N if . This makes the resulting algorithm very economic and enables one to study not only the scattering by single strips but also by the finite and infinite gratings of them [14] [15] [16] [17] . All data presented below have been computed with 10 -4 accuracy that was achieved with N = 50. 
III. MULLER BIE METHOD
MBIE are derived using the algebraic manipulations with Green's formulas and theorems of the potential theory [19] . In the 2D case, such derivation can be found in [20, 21] and the resulting equations have the following form: 11 12 ( ) ( , ') ( ') ' 
is the limit value of the normal derivative of the total field function on the closed contour k k H , and of their first-order and second-order normal derivatives [19] [20] [21] [22] .
As known [20, 21] , if L is a Lyapunov curve then the kernel functions have only logarithmic singularities, and (8), (9) together are a Fredholm second kind IE. This guarantees convergence of conventional MM schemes of its solution. However, if L is a piece-wise Lyapunov curve, then some additional steps are needed to build a convergent code.
We subdivide the strip contour L into four straight intervals, extract logarithmic singularities from the kernels, and apply quadratures on each smooth segment. The discretization performed in this manner is not sensitive to the irregularities of the contour provided that the interpolation nodes do not coincide with edge points. After introducing new continuous kernels (with the extracted singularities) we divide the segments of L into N sub-sections, and assume that unknown functions are constants at each sub-section. Numerical integration based on the rectangle rule leads to a matrix equation with respect to the unknowns. To reach the accuracy of the order of 10 -4 in the far field, we have taken, in computations, N = 600. Verification of solution has been performed by comparing the results with [1] .
IV. NUMERICAL RESULTS
For systematic comparisons, we have selected the radar scattering cross-section (RCS) and the total scattering crosssection (TSCS). Note that these quantities are computed from the far-field data [13] . They are not sensitive to the field behavior at the strip edges because the condition of local power finiteness tells that "the edges do not radiate." We have considered the cases of two alternative polarizations. Such reference data are available in the E-case only, as a numerical solution of the VIE obtained by Richmond [1] . In Fig. 2 , we show the dependences of TSCS for a lossy strip with 2 d O , 4(1 0.1 ) i H , and thickness h/d = 0.005 on the incidence angle. As one can see, the MBIE and VIE curves overlap for all angles including the least favorable case of the edge-on illumination (E = 0). Other three curves correspond to the three versions of GBC-SIE results computed using equations (2), (3) and (4) for the resistivities.
E-polarization
The case of the edge-on incidence is studied in more details in Fig. 3 where the frequency scans of TCSC are presented. As visible, all three models correctly predict periodic resonances in RCS caused by the interference between the reflections from the leading and the trailing edges of strip. The notcompensated model of (2) is the least accurate showing a 5 dB to 10 dB error in this range.
Dependences of TSCS on the relative thickness of strip are shown in Fig. 4 
